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Section I 

10 marks 
Attempt Questions 1–10 
Allow about 15 minutes for this section. 
Use the multiple-choice answer sheet for Questions 1–10. 

1 The polynomial Q (z) has real coefficients and z = – 3 + 2i is a zero of Q (z). 

Which quadratic polynomial must be a factor of Q (z)? 

A.  B. 

C.  D. 

2 If , which of the following is equivalent to Im ? 

A. 

B. 

C. 

D. 

3 What is an equation of a circle on an Argand diagram that goes through the points represented by the 
numbers 2 – i  and –3 + 4i ? 

A. 

B. 

C. 

D. 
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z − 3− i = 25

z + 3+ i = 25

z + 3+ i = 5

z2 +6z + 13 

z2 -6z + 13 
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4 Which of the following is equivalent to ? 

A.  

B. 

C. 

D.  

5 A light inextensible string passes over a smooth pulley. 
Attached to each end of the strings are masses of 4 kg and 6 kg, as shown. 

What is the acceleration of the larger mass? 

A. 3g B. C. D. 
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6 A particle undergoes simple harmonic motion according to 

. 

What is the period of the harmonic motion? 

A.  

B. 

C.  

D. 

7 A block of mass  kg, is pulled along a smooth horizontal plane by a force F as shown in the 
diagram below. 

Which of the following set of conditions produces the largest magnitude of acceleration for the 
mass? 

The information is presented as . 

A. 

B.  

C.  

D.  
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8 Which of the following integrals is equivalent to zero? 
 

A.      B.  

 

 C.      D.  

 
 
 
 
9 The complex number z satisfies . 
 What is the minimum value of  ? 
 
 A. 2  B.   C. 3  D.   

 
 
 
 
10 A particle moves in a straight line such that its acceleration a is given by a = vx, 
 where v is the particle’s velocity, x is the particle’s position, and v, x > 0. 
 

 Which of the following diagrams best shows the relationship between v and x? 
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10 A particle moves in a straight line such that its acceleration a is given by a vx= ,  where  
v is the particle’s velocity, x is the particle’s position and v, x > 0.
Which of the following diagrams best shows the relationship between v and x?

A. v

xO

B. v

xO

C. v

xO

D. v

xO

I I I I 
I I 

.r 
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Section II 

90 marks 
Attempt Questions 11-16 
Allow 2 hours and 45 minutes for this section 

In Questions 11-16, your responses should include ALL relevant mathematical reasoning and/or 
calculations. 

Question 11 (16 marks) Use a SEPARATE writing booklet 

(a) Let z and w be complex numbers such that z = 3 – 4i and w = 4 + 5i.
Find the following in x + iy form where .

(i) 4z – 3w 1 

(ii) 1 

(iii)  –  1 

(iv) , where . 2 

(b) Find the exact values of r and , where , , and 2 

. 

(c) Given a complex number z, such that 2 

.

Find the value(s) of t if z is a non-zero real number and t is a real number. 

Question 11 is continued on page 7 

x, y ∈!

w
z

zw zw

z z = a + ib, a > 0

θ −π <θ ≤ π

reiθ = −1− 5 − i 10− 2 5

z = 2i +1( )t2 − 1+5i( )t − 3 2+ i( )

r Ell+ 
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Question 11 (continued) 

(d) Sketch the region in the complex plane where 3 

and  

(e) Let . 

(i) Find and simplify S – iS. 2 

(ii) Hence, find and simplify S. 2 

End of Question 11 

S = i + 2i2 + 3i3 + 4i4 + ...+100i100

0 < arg( z - 1 - i) :5 ; I z - 1 - i I < ft 
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Question 12 (16 marks) Use a SEPARATE writing booklet 

(a) The motion of a particle moving along a straight line is given by the equation 2 

. 

If x = 0 and v = –9 when t = 0, find its displacement at any time t in the form 
, where  and .

(b) Find (i) 1 

(ii) 2 

(c) Evaluate the following definite integrals:

(i) . 3 

(ii) . 3 

(Hint: Express the denominator in the form ) 

(d) Consider the two integrals  and . 

(i) Explain why the use of the substitution x =  does not demonstrate that I = J. 1 

(ii) Evaluate I. 2 

(iii) Evaluate J. 2 

End of Question 12 

2
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1
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Question 13 (13 marks) Use a SEPARATE writing booklet 

(a) A particle moves in a straight line so that at time t its displacement from a fixed 3 
origin is x and its velocity is v.

If  and v = 2, x = 0 when t = 0, find x as a function of t.

(b) (i) Let . 2 
By finding  and using D(0) = 0, show that D(x) > 0 for all x > 0. 

(ii) A particle of unit mass is projected from the ground level with a velocity of u 3 
at an angle of  to the horizontal.

The horizontal and vertical velocity at time t seconds are  m/s and  m/s
respectively.

The body experiences air resistance such that the equation of motion is given by

, 

where g is the magnitude of the acceleration due to gravity. 

The particle reaches a maximum height in  seconds. 

Show that . 

(iii) If it achieves maximum height in  seconds in the absence of air resistance, 2 
show using (i), or otherwise, that . 

You may assume that the displacement of the particle is given by 

 . Do NOT prove. 

Question 13 continues on page 11 

2 xx e-= -!!

1( ) tan ( )D x x x-= -
( )D x¢
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Question 13 (continued) 

(c) ABCD is a quadrilateral. 3 
E, F and G are the midpoints of AD, AC, and BC respectively.

Using vector methods, show that . 

End of Question 13 

A B 

G 

C 

F E 

D 

- - -AB+DC=2EG 
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Question 14 (15 marks) Use a SEPARATE writing booklet 

(a) Use mathematical induction to prove 3 

, where  and n > 1. 

(b) Find . 3 

(c) A particle of mass m falls vertically from rest under gravity, where the resistance

to the motion has magnitude  N when the speed of the particle is v m/s. 

The acceleration due to gravity is g m/s2. 

At time t seconds the particle has fallen x metres and has velocity v m/s. 

(i) Show that . 1 

(ii) Show that v =  and . 5 

(iii) Find in simplest exact form the time taken and the distance fallen by the particle in 3 
reaching half of its terminal velocity.

End of Question 14 
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Question 15 (16 marks) Use a SEPARATE writing booklet 

(a) Let t = tan .

(i) Show that , where 0 < k < 1. 4 

Let , where n = 0, 1, 2, … . 

(ii) Show that . 1 

(iii) Using parts (i) and (ii), find the value of . 3 
Give your answer in the form , where m is irrational in simplest form. 

(b) Let . 

(i) Write your solutions to  on an Argand diagram. 1 

(ii) Show that 3 

(iii) Hence, solve the equation 2 

(iv) Hence prove that . 2 

End of Question 15 

2
x

1
1+ k sin x0

π
2⌠

⌡⎮
dx = 2

1− k 2
tan−1 1− k

1+ k

⎛

⎝
⎜

⎞

⎠
⎟

In =
sinn x
2+ sin x0

π
2⌠

⌡⎮
dx

In+1 + 2In = sinn x
0

π
2⌠

⌡⎮
dx

I2
mπ +1

P z( ) = z7 −1

P z( ) = 0

P z( ) = z3 z −1( ) z + 1
z

⎛
⎝⎜

⎞
⎠⎟

3

+ z + 1
z

⎛
⎝⎜

⎞
⎠⎟

2

− 2 z + 1
z

⎛
⎝⎜

⎞
⎠⎟
−1

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

x3 + x2 − 2x −1= 0

cosec
π
14
cosec

3π
14
cosec

5π
14

= 8



– 15 –

Question 16 (14 marks) Use a SEPARATE writing booklet 

(a) Let , where . 

(i) State the sum of . 1 

(ii) Find a real constant A, so that . 2 

(iii) Deduce that . 2 

(iv) Find 1 

(b) Suppose that for  for all i > 0 such that i .  

(i) By considering , show that . 1 

(ii) Prove by induction that for all positive integers m 4 

. 

(iii) If n < 2m, let  for all  and let = …= = A,  1 

where . 

By applying part (ii) to the , or otherwise, show that . 

(iv) Deduce the inequality . 2 

End of paper 
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Multiple Choice Solutions 
1 A 

Eliminate options B and D re constant term. 

2 C 

Note:  then options B and D can be eliminated. 

3 D 

B & C are out due to the “25”. 
Test A and D on both points if necessary 

Test A: with (2 – i):  

4 D 

A and B are obviously out as there is no   

(2 ) 3 5i i- - + ¹

( )
( )
f x
f x
¢

2 2 2

1 2

2 2 1 2
24 4 4

2sin 4
2

x xdx dx dx
x x x

x x C-
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5 C 

Let a = acceleration of the system 

(1) + (2):

6 A 

. 

7 B 

The largest acceleration would be produced by the greatest force. 
We need F to be as large as possible with θ closest to 180° if possible. 

So C is eliminated in favour of B 

Even though option A has 180° with it . 

So A is eliminated. 

With option D we get . 

4 4 (1)
6 6 (2)
a T g
a g T
= - -
= + -

10 2a g=

5
ga =

( )2 25 10 4 4
2
2

v x x
n

T
n
p p

= + - =

\ =

\ = =

!

T 

T 



8 B 

In B the absolute value is irrelevant. 
A – the graph is always even. 
C – the graph is trapped between y = x and y = –x, so the symmetry with the x-axis isn’t there. 
D – odd function but the domain is wrong. 

9 B 

(This is the perpendicular bisector of 4 + 6i and – 2) 

Midpoint is (1, 3), and so the equation is y = –x + 4. 

10 A 

So the graph must be parabolic. 

d 
45° 

4 











Question 12 (16 marks) Use a SEPARATE writing booklet 

(a) The motion of a particle moving along a straight line is given by the equation 2 

2

2
9

d x
x

dt
  . 

If x = 0 and v = –9 when t = 0, find its displacement at any time t in the form 

x  Asin nt   , where ,n A   and   0, .

The motion described above fits the pattern for SHM where 2x n x  . 

 Hence, n is equal to 3 and  sin 3x A t     

Also,  3 cos 3
dx

A t
dt

   and using the initial conditions: 

 0 sinA   (1) and 9 3 cosA    (2) 

 From (1), k   and from the Domain, k can only be 0 or 1 (A   0). 

Using the results from (1), (2) becomes 9 3 cosA k   

After trying values for k, we get A = –3 or 3. However the question states that A must be positive, 
hence we’ll use A = 3, which corresponds to k = 1. 

 Finally,  3sin 3x t   . 

NOTE: Almost every single pupil used integration to find this result. 

This was a much longer process than the method described above. 

Many had a negative value for A when the question states that A is positive. 
Many pupils found a possible value for   as zero but failed to realise this 

could also be . 

A simple check for solutions would have been to differentiate their answer two times 
and rarely did pupils catch their own mistakes in this question. 
Some used a negative value for n, which is incorrect. 



(b) Find (i)  1 

      

    

3 2

2

3

3

sec tan sec tan sec

, sec

, Reference Sheet
3

sec
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x x x x xdx dx
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(ii)  2 

  
5 1 1

2 3 2 3

ln 2 ln 3

3
ln

2

dx dx
x x x x

x x C

x
C

x

  
   

     


 



  

NOTE:  Pupils could not get full marks if they did not apply absolute value 
brackets to the arguments of the natural logs (since it is possible for these 
arguments to be negative, given the domain). 



(c) Evaluate the following definite integrals:

(i) 
2

2

sinxe x dx









.  3 

Let I = 
2

2

sinxe x dx
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NOTE: A common mistake was to not apply the fact that  2sin   = –1 and pupils 

ended up with 
2 2

2

e e
 

as an answer. 

Some pupils did not even apply the bounds to the primitive of certain parts 

they found and others mistakenly put 
2


instead of 

2


  for the lower bound 

in the solution. 



(ii) 
1 2

5
2 2

1 5

sin

2 cos 1
dx

x x




  





3 

(Hint: Express the denominator in the form x  a 2
 b2)
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NOTE:  Many pupils put as their answer, the primitive with the bounds applied 
and went no further. Thus they could not receive full marks. 



(d) Consider the two integrals I 
1

1 x2 2
dx

1

1



  and J  

t2

1 t2 2
dt

1

1





. 

(i) Explain why the use of the substitution x = 
1

t
 does not demonstrate that I = J. 1 

When x is zero, t is infinite which means this substitution should be done with 2
integrals with an infinite boundary on each. Another valid response is that the

substitution x = 
1

t
 must be continuous and one to one over the interval of x.

NOTE: Pupils attempted to use the substitution to show these are not correct, but they 
should’ve ended up with I = J. 
The question states it’s not correct and wants pupils to explain why. 
Many pupils wasted time on this and failed to address the question in any way. 
Some pupils gave a vague or generic response and if this were the case, 
could not receive full marks without giving more details to explain their position. 



(d) (ii) Evaluate I. 2 

The integrand is an even function, hence  
 

1

22
0

1
2

1
I dx
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Let tanx  , 2sec
dx

d



 , when x = 1, 

4

   and when x = 0, 0  .
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(d) (iii) Evaluate J. 2 

The integrand is an even function, hence  
 

1
2

22
0

2
1

t
J dt

t
 







 Let tanx  , 2sec
dx

d



 , when x = 1, 

4

   and when x = 0, 0  .
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NOTE: Some pupils tried to do this without a trigonometric substitution, however none 
were successful in doing so. A few pupils tried x = sin  , but this gave 

21 sin   in the denominator which doesn’t end up being particularly useful. 
This should have been an indicator for them to try a different substitution,  
but all who did this pushed through with their substitution and failed to get full marks. 

End of Question 12 Solutions 







Question 13 (continued) 

(c) ABCD is a quadrilateral. 3 
E, F and G are the midpoints of AD, AC, and BC respectively.

Using vector methods, show that . 

 

[ ]

[ ]

[ ]

1 is midpoint of
2

1 is midpoint of
2

1 is midpoint of
2
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=

=

=
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Comments on Question 13

(a) Generally well done although a considerable number of students starts off with v dvdx and then integrating

with respect to t. Students are the most successful when they use d
dx(12v

2) = −2e−x

Common error was the inability to evaluate the constants or integration through initial conditions

(b)

(i) Most can differentiate properly to derive D′(x) = 1 − 1

1 + x2
but cannot show that D′(x) =

x2

1 + x2
and

argue that D′(x) > 0 (x2 > 0, 1 + x2 > 0)

(ii)

� Most use v as the ẏ in the differential equation dẏ
dt = −(g + kẏ2) and then proceeded to integrate with

respect to v

� Almost all the students recognise that the particle reaches a maximum height then ẏ = 0

� Quite a few students went straight to ∫ 0

u sinα

−dẏ
y + kẏ2

and derive

T1 =
1√
kg

tan−1

√
k

g
u sinα

(iii) Although most students aware that they should by (b)(i),

most just pluck in u sinα as x and then
(√

k
y u sinα

)
as the x in tan−1

√
k
gu sinα and try to fudge the answers.

(c) This section was very hard and only a handful were successful in manipulating vectors
e.g. most could not recognise

2 ~EG = 2 ~AB + ~BC − ~AD

= ~AB + ( ~BC − ~BA)︸ ︷︷ ︸
~AC

− ~AD (break ~AB into 2 parts)

1











Comments on Question 14

(a) This induction question is generally not done well.

� Many checked the case n = 1 where as the question specified n > 1

� Those students went on to prove S(2) never did quite that merely stating 1 +
1√
2
>
√

2

� I like to think of inequalities (in applying the inductive hypothesis) as “the art of tossing out the garbage”
e.g.

√
k +

1√
k + 1

=

√
k(k + 1) + 1√

k + 1

>
k + 1√
k + 1

(
√
k(k + 1) >

√
k2)

Only a handful took this path, most just bogged down with the algebra

(b) This was generally well done

� The problems came from an inability to handle surdic expressions as a result of the substitution u =
1 + sinx

� Substitution students believed that
1

u
3
2 − u

=
1

u
3
2

− 1

u

� Using ’t’ formulae has the worse scenario in this integration.

(c)

(i) Well done. Most students know how to divide m and then express the expression as a fraction.

(ii) The integration and separating step was moderately well done even though most had no problem with
converting the expression as a partial fraction quite a few students use v dvdx and the carry on integrating with
respect to t.

(iii) Carelessness in solving equation 2(e2t − 1) = e2t + 1 ends up somehow t = 1
2 ln 2 instead of t = 1

2 ln 3

2



Question 15 (16 marks) 

(a) Let t = tan
2

x
.

(i) Show that 
1

1 k sin x0


2


 dx 

2

1 k 2
tan1 1 k

1 k









 , where 0 < k < 1. 4 

2
2sec

2

xdt

dx
 , hence 2

22cos xdx dt , where 2 2

1
cos

1
x

t




 When 
2

x


 , t = 1 and when x = 0, t = 0. 

The integral becomes: 
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NOTE: For full marks, a worked solution for finding this single expression after applying the 
boundaries of the integral to the primitive function of the integrand was required. 



(a) Let I
n


sinn x

2 sin x0


2


 dx , where n = 0, 1, 2, … . 

(ii) Show that In1  2In  sinn x
0


2


 dx .  1 

2 1
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NOTE:  This was well done by most pupils. 



(a) (iii) Using parts (i) and (ii), find the value of I
2
. 3 

Give your answer in the form m 1, where m is irrational in simplest form. 
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2 1
0

sin xI I dx



  


, then 
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NOTE: Some pupils used an expression like the first line in the solution, except they had 
2sin x  as the integrand, which is incorrect. 



(b) Let P z   z7 1.

(i) Write your solutions to P z   0 on an Argand diagram. 1 

NOTE: Marks were awarded for the diagram pupils made and not for their working for reasons 
that should not require explanation. 
Pupils needed to state what the points were on their diagram or at least show the moduli of 
each value and arguments between values. 
There needed to be something explicit about their points to show their values. 



(b) (ii) Show that P z   z3 z 1  z 
1

z







3

 z 
1

z







2

 2 z 
1

z






1
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11
z z z

z
   , then 

 31 3 1 33 3z z z z z z        and  21 2 22z z z z    

       
     
  

3 3 1 3 2 2 1

6 4 2 5 3 4 2 3

6 5 4 3 2

7

1 3 3 2 2 2 1

1 3 3 1 2 2 2

1 1

1

P z z z z z z z z z z z

z z z z z z z z z z

z z z z z z z

z

               
            

       

 

NOTE: Many pupils did this ‘backwards’ starting with the expression for P(z) in part (i). 
Pupils could not get full marks if they did not enough detail. 

(iii) Hence, solve the equation x3  x2  2x 1 0  2 

From part (ii), some of the solutions of P(z) are solutions to this equation.

The modulus of all the solutions of P(z) is one, hence: 
1

z
z
  and the equation above can be 

rewritten as a real function in the variable z + z .  

 
       

3 2

3 2

2 1

2 1

f x x x x

f z z z z z z z z

   

       

Which is the last factor in function in part (ii). 

The solutions are the sum of conjugate pairs of solutions to P(z). 

Solutions are  2
72cos  ,  4

72cos   and  6
72cos  . 

NOTE:  Some pupils gave this answer in sine form but often failed to realise that this would 
mean that two of the solutions here would then have a negative sign in front.



(b) (iv) Hence prove that cosec

14

cosec
3
14

cosec
5
14

 8.  2 

From part (iii), the product of the roots is 1. 

     
     

     
     
     

2 4 6
7 2 2

2 4 6
7 7 7

2 4 6
2 7 2 7 2 7

3 5
14 14 14

3 5
14 14 14

2cos 2cos 2cos 1

8 sec sec sec

8 cos cos cos

8 cos cos cos

8 cos cos cos

ec ec ec

ec ec ec

ec ec ec

  

  

     

  

  

  



   

  



  

NOTE: A number of pupils started with the result and needed to state that their solution relies 
on the product of roots of the equation in part (iii). 
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